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ABSTRACT. Here we have studied the ideas of sgλ, sλ and sβλ-closed sets and investigated
some of their properties in generalized topological spaces. We have also studied some low
separation axioms namely sλT 1
4
, sλT 3
8
, sλT 1
2
axioms and their mutual relations with sλT0
and sλT1 axioms.
1. Introduction
After generalization of a topological space given by A.D. Alexandroff [1] in 1940 to σ-
space (Alexandroff space), many topologists turned their attention to carry out their works
in such direction viz. in σ-spaces and bispaces etc. [2, 4, 5, 6, 11] where several works
in respect of topological properties have been studied. On the other hand, N.Levine [12]
1970 introduced the concept of generalized closed sets (g-closed sets) in a topological space
which opened the door of many aspects in topological spaces to generate different types
of generalized sets. In 1987, Bhattacharyya and Lahiri [7] introduced the class of semi-
generalizsed closed sets in a topological space. Since then many authors have contributed
to the subsequent development of various topological properties on semi generalized closed
sets (sg-closed sets) [10], [13], [14] where many more references are found. By taking an
equivalent form of g-closed sets, M. S. Sarsak [15] introduced gµ-closed sets in a generalized
topological space (X, µ) and studied new separation axioms namely µ-T 1
4
, µ-T 3
8
and µ-T 1
2
axioms by defining λµ-closed sets and investigated their properties and relations among the
new axioms with µ-T0 and µ-T1 axioms. It can be verified that the properties given by
Sarsak [15] almost remain same if we take sgµ-closed sets and sλµ-closed sets in generalized
topological spaces.
We have extended the notion of gµ-closed sets and λµ-closed sets in a more general
structure of generalized topological space by introducing the idea of sλ-closed sets, sgλ-
closed sets and sβλ-closed sets and investigated some of their properties. We also give
sλT 1
4
, sλT 3
8
, sλT 1
2
axioms and explore mutual relations among these axioms with sλT0 and
sλT1. Moreover, we have studied sλ-homeomorphism in a generalized topological space.
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2. Preliminaries
Let X be a nonempty set. A generalized topology µ [15] is a collection of subsets of X
such that ∅ ∈ µ and µ is closed under arbitrary unions. In a generalized topological space (in
short a GTspace) (X, µ), members of µ are called µ-open sets and complements are µ-closed
sets. When there is no confusion, the GTspace (X, µ) will simply be denoted byX .
Definition 2.1. (c.f.[3]). Let (X, µ) be a GTspace then
(1) a point x ∈ X is said to be a µ-adherence point of a subset A ofX , if for every µ-open
set U containing x such that A ∩ U 6= ∅. The set of all µ-adherence points of A is called
µ-closure of A and is denoted by Aµ.
(2) µ-interior of a subset A of X is defined as the union of all µ-open sets contained in A
and is denoted by Intµ(A).
Lemma 2.1. (c.f.[8]). Let A,B be subsets of X . For µ-closure the following hold:
(1) Aµ =
⋂
{F : A ⊂ F ;F is µ-closed}.
(2) Aµ is µ-closed.
(3) A is µ-closed if and only if A = Aµ.
(4) A ⊂ Aµ and (Aµ)µ = Aµ.
(5) If A ⊂ B, then Aµ ⊂ Bµ.
Clearly for a subset A ⊂ X, x ∈ Aµ iff each µ-open set containing x intersects A.
Remark 2.1. (c.f.[8]). Let A,B be subsets of X , then for µ-interior the following hold:
(1) Intµ(A) ⊂ A. (2) If A ⊂ B, then Intµ(A) ⊂ Intµ(B)
(3) Intµ(A) is µ-open. (4) A is µ-open if and only if Intµ(A) = A.
Definition 2.2. (c.f.[11]). A set A in X is said to be semi µ-open (sµ-open) if there exists a
µ-open set E in X such that E ⊂ A ⊂ Eµ i.e. A ⊂ (Intµ(A))µ. A set A is semi µ-closed
(sµ-closed) if and only if X − A is semi µ-open.
Definition 2.3. (c.f.[15]). Let A be a subset of (X, µ). We define sA∧µ =
⋂
{U : A ⊂ U, U
is sµ-open} and sA∨µ =
⋃
{F : F ⊂ A, F is sµ-closed}. We denote sA∧µ = X if there is no
sµ-open set containing A and sA∨µ = ∅ if there is no sµ-closed set contained in A. Again A
is called a s∧µ-set if A = sA
∧
µ and A is called a s∨µ-set if A = sA
∨
µ .
Definition 2.4. (c.f.[15]). A subset A of (X, µ) is said to be sλ-closed if A = K ∩ P where
K is a s∧µ-set and P is a sµ-closed set. A is called sλ-open if X −A is sλ-closed.
Definitions of sµ-closure, sλ-closure, sµ-interior, sλ-interior of a set A ofX can be given
as definition 2.1 and same may be denoted by sAµ, sAλ, sIntµ(A), sIntλ(A) respectively.
Obviously in a GTspace (X, µ), a µ-open set is sµ-open and a µ-closed set is sµ-closed,
but converses may not be always true. It can be shown easily that arbitrary union of sµ-open
sets is sµ-open. Hence collection of sµ-open sets forms a generalized topology inX .
Lemma 2.2. (c.f.[8]). Let A,B be subsets of X . For sµ-closure the following hold:
(1) sAµ =
⋂
{F : A ⊂ F ;F is sµ-closed}.
(2) sAµ is sµ-closed.
(3) A is sµ-closed if and only if A = sAµ.
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(4) A ⊂ sAµ and s(sAµ)µ = sAµ.
(5) If A ⊂ B, then sAµ ⊂ sBµ.
Clearly for a subset A ⊂ X, x ∈ sAµ iff any sµ-open set containing x intersects A.
Remark 2.2. (c.f.[8]) Let A,B be subsets of X , then for sµ-interior the following hold:
(1) sIntµ(A) ⊂ A. (2) If A ⊂ B, then sIntµ(A) ⊂ sIntµ(B)
(3) sIntµ(A) is sµ-open. (4) A is sµ-open if and only if sIntµ(A) = A.
Lemma 2.3. (c.f.[15]). Suppose A,B are subsets of X . Then the following hold:
(1) s∅∧µ = ∅, s∅
∨
µ = ∅, sX
∧
µ = X , sX
∨
µ = X
(2) A ⊂ sA∧µ , A
∨
µ ⊂ A
(3) s(sA∧µ)
∧
µ = sA
∧
µ , s(sA
∨
µ)
∨
µ = sA
∨
µ .
(4) A ⊂ B ⇒ sA∧µ ⊂ sB
∧
µ , A ⊂ B ⇒ sA
∨
µ ⊂ sB
∨
µ .
(5) s(X\A)∧µ = X\sA
∨
µ , s(X\A)
∨
µ = X\sA
∧
µ .
Note that if µ is replaced by λ in the definition 2.3, lemma 2.2 and remark 2.2 in a GTspace
(X, µ) then the similar properties of lemma 2.2, remark 2.2 and lemma 2.3 can also be proved
for the sλ-open sets.
A set A of (X, µ) is a s∨µ-set if and only if X −A is a s∧µ-set.
Clearly collection of all s∨µ-sets in a GTspace (X, µ) forms a generalized topology.
3. sλ-closed sets and sgλ-closed sets in GTspace and sλT 1
2
GTspace
In this section we will discuss some properties of sλ-closed sets, sλ-open sets, sgλ-closed
sets and sλT 1
2
axiom in a GTspace which will be very much useful in the sequel.
Definition 3.1. (c.f.[12]). A subsetA ofX is said to be a sgλ-closed set if sAλ ⊂ U whenever
A ⊂ U and U is sλ-open. A is called sgλ-open if X −A is sgλ-closed.
Note 3.1. Clearly, a set A of X is sgλ-closed if and only if sAλ ⊂ sA
∧
λ .
If A ⊂ X , then it is easily verfied that X − s(X − A)λ = sIntλ(A).
Theorem 3.1. A subset A of X is sgλ-open if and only if F ⊂ sIntλ(A) whenever F ⊂ A
and F is sλ-closed (or equivalently, sA∨λ ⊂ sIntλ(A)).
Proof. SupposeA is sgλ-open and F ⊂ A, F is sλ-closed. ThenX−A ⊂ X−F whereX−
F is a sλ-open set and X −A is sgλ-closed. Then we have X − sIntλ(A) = s(X −A)λ ⊂
X − F , by definition and hence F ⊂ sIntλ(A).
Conversely, suppose that X − A ⊂ U, U is sλ-open. Then X − U ⊂ A and X − U is
sλ-closed. By assumption, X − U ⊂ sIntλ(A) and so s(X −A)λ = X − sIntλ(A) ⊂ U
and hence X − A is sgλ-closed. This implies A is sgλ-open. 
Lemma 3.1. For A ⊂ X , the following hold:
(1) A is sλ-closed if and only if A = sA∧µ ∩ sAµ
(2) If A is sλ-closed then A = sA∧µ ∩ sAλ.
(3) If A is sµ-closed then A is sλ-closed.
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Remark 3.1. Obviously in (X, µ), every s∧µ-set is sλ-closed and sµ-closed set is sλ-closed.
But converses are not in general true as revealed from the examples 3.1 (i) and 3.1 (ii).
Clearly sλ-closed set is sgλ-closed but it is not reversible as shown by example 3.1 (iii).
Example 3.1. (i): Suppose X = {a, b, c}, µ = {∅, {a}, {a, b}}. Then (X, µ) is a GTspace
but not a topological space. Now {b} is sλ-closed as {b} = {a, b} ∩ {b, c} where {a, b} is
s∧µ-set and {b, c} is sµ-closed. But {b} is not s∧µ-set since s{b}
∧
µ = {a, b}.
(ii): Suppose X = {a, b, c}, µ = {∅, {a, b}, {b, c}, X}. Then (X, µ) is a GTspace but not
a topological space. Then {a, b} is sλ-closed as {a, b} = {a, b} ∩ {a, b, c} where {a, b} is
s∧µ-set and {a, b, c} is sµ-closed. But {a, b} is not sµ-closed since {c} is not sµ-open.
(iii): Let X = {a, b, c, d}, µ = {∅, {a, b, c}}. Then (X, µ) is a GTspace but not a topo-
logical space. Take the subset {a, d} = B say. Since B is not sµ-open and not sµ-closed;
so B is not sλ-open. Subsets containing B are only {a, b, d} and {a, c, d} which are not
sµ-open and not sµ-closed, hence these are not sλ-open sets. So only sλ-open set con-
taining B is X and sBλ ⊂ X . So B is sgλ-closed. Now it can be easily shown that
sB∧µ ∩ sBµ = X ∩X = X 6= B, hence B is not sλ-closed.
Definition 3.2. (c.f.[15]). Let (X, µ) be a GTspace. A setA ofX is called a semi generalised
∧λ-set (in short sg∧λ-set) if sA
∧
λ ⊂ F whenever F ⊃ A and F is sλ-closed. A setA is called
a semi generalized ∨λ-set (in short sg∨λ-set) if X − A is sg∧λ-set.
Clearly if a set A of X is a s∧λ-set (resp. s∨λ-set), then A is sg∧λ-set (resp. sg∨λ-set).
Theorem 3.2. (1): For each x ∈ X , {x} is either sλ-open or sg∨λ-set.
(2): For each x ∈ X , {x} is either sλ-closed or {x} is sgλ-open.
Proof. (1): Suppose x ∈ X and {x} is not sλ-open, then X − {x} is not sλ-closed. So
s(X − {x})λ = X . Then s(X −{x})
∧
λ ⊂ s(X − {x})λ and henceX −{x} is sg∧λ-set and
so {x} is sg∨λ-set, by definition.
(2): Suppose x ∈ X and {x} is not sλ-closed, then X − {x} is not sλ-open. So s(X −
{x})∧λ = X . Then s(X − {x})
∧
λ ⊃ s(X − {x})λ and hence X − {x} is a sgλ-closed set, by
note 3.1 and so {x} is a sgλ-open set. 
Theorem 3.3. For a subset A of a GTspace (X, µ) the following hold:
(1) If A is sλ-closed, then A is sgλ-closed
(2) If A is sgλ-closed and sλ-open, then A is sλ-closed
(3) If A is sgλ-closed and A ⊂ B ⊂ sAλ, then B is sgλ-closed.
Proof. (1): This is obvious by definition.
(2): Let A be sgλ-closed and sλ-open. Then sAλ ⊂ A and so A is sλ-closed.
(3): Let B ⊂ U, U is sλ-open, then A ⊂ U . By assumption A is sgλ-closed, then sAλ ⊂
U . Again A ⊂ B implies sAλ ⊂ sBλ ⊂ s(sAλ)λ = sAλ, then sAλ = sBλ and hence
sBλ ⊂ U . So B is sgλ-closed. 
Theorem 3.4. Let (X, µ) be a GTspace and A ⊂ X then
(1) A is sgλ-closed if and only if sAλ − A does not contain any non-void sλ-closed set.
(2) Let A is s∧λ-set (resp. s∨λ-set), then A is sgλ-closed (resp. sgλ-open ) if and only if
A is sλ-closed (resp. sλ-open),
(3) if sA∧λ is sgλ-closed (resp. sA
∨
λ is sgλ-open), then A is sgλ-closed (resp. sgλ-open),
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Proof. (1): Suppose A is a sgλ-closed set and P is a non-empty sλ-closed set and P ⊂
sAλ − A. Now A ⊂ X − P , a sλ-open set, so sAλ ⊂ X − P , by definition. This implies
that P ⊂ X − sAλ. Thus P ⊂ sAλ ∩ (X − sAλ) = ∅.
Conversely, let the condition hold and we have to prove that A is sgλ-closed. Let A ⊂ V
where V is sλ-open. If sAλ 6⊂ V then sAλ ∩ (X − V ) is a non-void sλ-closed set contained
in sAλ − A, a contradiction to the supposition. So A is sgλ-closed.
(2): Let A be a s∧λ-set and sgλ-closed set. Then by note 3.1, sAλ ⊂ sA
∧
λ = A, so
sAλ = A and hence A is sλ-closed. On the other hand, a sλ-closed set is obviously a
sgλ-closed. Hence the result follows.
Again, let A be a s∨λ-set and sgλ-open set. Then by theorem 3.1, sIntλ(A) ⊃ sA
∨
λ = A,
so sIntλ(A) = A and hence A is sλ-open. On the other hand, a sλ-open set is obviously a
sgλ-open. Hence the result follows.
(3): Suppose sA∧λ is sgλ-closed. Since the set sA
∧
λ is a s∧λ-set by lemma 2.3 (3), then
from (2) we get sA∧λ is sλ-closed. Since A ⊂ sA
∧
λ which implies sAλ ⊂ s(sA
∧
λ)λ = sA
∧
λ .
Hence A is sgλ-closed by note 3.1.
Again, suppose sA∨λ is sgλ-open. Since the set sA
∨
λ is a s∨λ-set by lemma 2.3 (3), then
from (2) we get sA∨λ is sλ-open. Since A ⊃ sA
∨
λ which implies sIntλ(A) ⊃ sIntλ(sA
∨
λ) =
sA∨λ . Hence A is sgλ-open by theorem 3.1. 
Lemma 3.2. In a GTspace (X, µ), arbitrary intersection of s∧µ-sets is a s∧µ-set.
Proof. Let Aα, α ∈ ∆,∆ being an index set, be an arbitrary collection of s∧µ-sets. Then for
each α,Aα = s(Aα)
∧
µ . Let A =
⋂
{Aα;α ∈ ∆}. So Aα ⊃ A for each α ∈ ∆. Therefore
s(Aα)
∧
µ ⊃ sA
∧
µ for all α ∈ ∆. This implies that sA
∧
µ ⊂
⋂
s(Aα)
∧
µ =
⋂
Aα = A ⊂ sA
∧
µ .
Hence A = sA∧µ . 
Theorem 3.5. Suppose (X, µ) is a GTspace then the followin hold:
(1) If Ai, i ∈ I , are sλ-closed sets of X , I being an index set, then
⋂
iAi is sλ-closed.
(2) If Ai, i ∈ I , are sλ-open sets of X , I being an index set, then
⋃
iAi is sλ-open.
Proof. (1) Suppose Ai, i ∈ I , are sλ-closed sets, I being an index set, then for each i there
exist a s∧µ-set Ki and a sµ-closed set Pi such that Ai = Ki ∩ Pi. So we get
⋂
Ai =⋂
(Ki ∩ Pi) = (
⋂
Ki)
⋂
(
⋂
Pi). By lemma 3.2 above,
⋂
Ki is a s∧µ-set and
⋂
Pi is a
sµ-closed set. This shows that
⋂
Ai is sλ-closed.
(2) Suppose Ai, i ∈ I , are sλ-open sets, I being an index set. Then X − Ai is sλ-closed
set for each i and X −
⋃
Ai =
⋂
(X − Ai). Therefore by (1), X −
⋃
Ai is sλ-closed and
hence
⋃
Ai is sλ-open. 
Hence we can say that collection of sλ-open sets in (X, µ) forms a genealized topology.
Definition 3.3. (c.f.[9]). A GTspace (X, µ) is said to be sλT 1
2
if every sgλ-closed set is
sλ-closed.
Theorem 3.6. (c.f.[15]). In a GTspace (X, µ), folloing are equivalent:
(1) (X, µ) is sλT 1
2
GTspace.
(2) Every singleton of X is either sλ-open or, sλ-closed.
(3) Every sg∧λ-set is s∧λ-set.
6 JAGANNATH PAL1 AND AMAR KUMAR BANERJEE2
Proof. (1) ⇒ (2): Let (X, µ) be a sλT 1
2
GTspace and {x} ∈ X . By theorem 3.2 (2), {x}
is either sλ-closed or X − {x} is sgλ-closed. If X − {x} is sgλ-closed then X − {x} is
sλ-closed since (X, µ) is sλT 1
2
and so {x} is sλ-open.
(2)⇒ (3): Suppose every singleton of X is either sλ-open or, sλ-closed. Let A ⊂ X be
a sg∧λ-set which is not s∧λ-set. Then sA
∧
λ 6⊂ A. So there exists x ∈ sA
∧
λ , x 6∈ A. Then by
supposition, {x} is either sλ-open or sλ-closed.
Case (i): If {x} is sλ-open, thenX −{x} is sλ-closed containing A. But A is a sg∧λ-set.
So sA∧λ ⊂ X − {x} implies x 6∈ sA
∧
λ , a contradiction.
Case (ii): If {x} is sλ-closed, then X − {x} is sλ-open containing A. But x ∈ sA∧λ . So
x ∈ X − {x}, a contradiction. Hence the result.
(3) ⇒ (1) : Suppose every sg∧λ-set is s∧λ-set and (X, µ) is not sλT 1
2
GTspace. Then
there exists a sgλ-closed set A which is not sλ-closed. Since A is not sλ-closed, there is a
point x ∈ sAλ such that x 6∈ A. By Theorem 3.2 (1), {x} is either sλ-open or, X − {x} is a
sg∧λ-set. Suppose {x} is sλ-open. Since x ∈ sAλ, {x} ∩ A 6= ∅ which implies x ∈ A. If
X −{x} is a sg∧λ set, then it is s∧λ-set, soX −{x} is a sλ-open set containing A. Since A
is sgλ-closed, sAλ ⊂ X − {x} which contradicts x ∈ sAλ. So x ∈ A, hence A is sλ-closed
and (X, µ) is sλT 1
2
GTspace. 
Theorem 3.7. Suppose A ⊂ (X, µ), then we have the following theorems for sλ-open sets
the proof of which can be deduced easily from the definition.
(1) A is sλ-open if and only if A = N ∪H , N is a s∨µ-set andH is a sµ-open set.
(2) A is sλ-open if and only if A = sA∨µ ∪ sIntµ(A).
Clearly in (X, µ), s∨µ-sets are sλ-open sets and sµ-open sets are sλ-open sets.
4. sλT 1
4
GTspace, sλT 3
8
GTspace and sλ-homeomorphism
In this section we introduce sλT 1
4
GTspace, sλT 3
8
GTspace and investigate some of their
properties including relation with sλT0, sλT1 and sλT 1
2
and discuss sλ-homeomorphism.
Definition 4.1. Suppose (X, µ) is a GTspace, then
(1) it is called sλT0 if for any two distinct points x, y of X , there exists a sλ-open set U
which contains only one of the points.
(2) it is called sλT1 if for any two distinct points x, y ∈ X , there are sλ-open sets U, V
such that x ∈ U, y 6∈ U, y ∈ V, x 6∈ V .
Theorem 4.1. (X, µ) is sλT0 if and only if for any pair of distinct points x, y ∈ X , there is
a set A containing only one of the points such that A is either sλ-open or sλ-closed.
Proof. Suppose x, y ∈ X, x 6= y. Let A be a sλ-open set, x ∈ A, and y 6∈ A. Then by
definition, (X, µ) is a sλT0 GTspace. Now let x ∈ A, y 6∈ A butA is sλ-closed. ThenX−A
is sλ-open and y ∈ X − A, x 6∈ X −A. In this case also the GTspace (X, µ) is a sλT0.
Conversely, let the GTspace (X, µ) be sλT0 and x, y ∈ X, x 6= y. Then there is a sλ-open
set A such that x ∈ A, y 6∈ A or there is a sλ-open set B such that y ∈ B, x 6∈ B. So
x ∈ X −B, y 6∈ X − B whenX − B is a sλ-closed set. Hence the result follows. 
Theorem 4.2. A GTspace (X, µ) is sλT1 if and only if every singleton of X is sλ-closed.
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Proof. Let the GTspace (X, µ) be sλT1 and x ∈ X . Take any point y ∈ X such that
x 6= y. Then there exists sλ-open set V containing y such that x 6∈ V . So y can not be a
sλ-adherence point of {x}. Therefore s{x}λ = {x} and hence {x} is sλ-closed.
Conversely, let every singleton ofX be sλ-closed and let x, y ∈ X, x 6= y. SoX−{x} and
X−{y} are sλ-open sets such that y ∈ X−{x}, x 6∈ X−{x} and x ∈ X−{y}, y 6∈ X−{y}.
Hence the GT space (X, µ) is sλT1. 
Definition 4.2. A set A of the GTspace (X, µ) is said to be sβλ-closed if A = H ∩Q where
H is a s∧λ-set and Q is a sλ-closed set. A is sβλ-open if X −A is sβλ-closed.
Lemma 4.1. A set A of (X, µ) is sβλ-closed if and only if A = sA
∧
λ ∩ sAλ.
Proof. Let A be a sβλ-closed set, so A = H ∩ Q where H is a s∧λ-set and Q is a sλ-
closed set. Now A ⊂ H implies sA∧λ ⊂ sH
∧
λ and A ⊂ Q implies sAλ ⊂ sQλ. So
A ⊂ sA∧λ ∩ sAλ ⊂ sH
∧
λ ∩ sQλ = H ∩Q = A which implies that A = sA
∧
λ ∩ sAλ.
Converse part is obvious. 
Remark 4.1. Clearly in (X, µ), sλ-closed set is both sgλ-closed and sβλ-closed but either
of two may not imply sλ-closed. Here is given necessary and sufficient condition for that.
Theorem 4.3. A set A ⊂ X is sλ-closed if and only if A is both sgλ-closed and sβλ-closed.
Proof. Suppose A is sgλ-closed and sβλ-closed. Since A is sgλ-closed, then sAλ ⊂ sA
∧
λ .
Again since A is sβλ-closed, A = sA
∧
λ ∩ sAλ = sAλ. Hence A is sλ-closed.
Converse part is obvious. 
Theorem 4.4. A GTspace (X, µ) is sλT 1
2
if and only if every subset of (X, µ) is sβλ-closed.
Proof. Suppose every subset of (X, µ) is sβλ-closed and x ∈ X, {x} is not sλ-open. Then
X − {x} is not sλ-closed but s(X − {x})λ = X . By assumption,X − {x} is a sβλ-closed
set, then by lemma 4.1, X − {x} = s(X − {x})∧λ ∩ s(X − {x})λ = s(X − {x})
∧
λ ∩ X =
s(X − {x})∧λ . Therefore X − {x} is a s∧λ-set. So X − {x} is a sλ-open set which implies
that {x} is a sλ-closed set. Then by theorem 3.6 (2), (X, µ) is sλT 1
2
GTspace.
Conversely, suppose that (X, µ) is sλT 1
2
GTspace and A ⊂ X . Then by theorem 3.6 (2),
every singleton is either sλ-open or sλ-closed. Put G =
⋂
{X − {x} : x ∈ X − A, {x} is
sλ-closed} and H =
⋂
{X − {x} : x ∈ X − A, {x} is sλ-open}. Therefore, G is a s∧λ-set
andH is a sλ-closed set and A = G ∩H . Hence A is a sβλ-closed set. 
Definition 4.3. (c.f.[15]). Suppose (X, µ) is a GTspace then it is called a
(1) sλT 1
4
GTspace if for every finite subset E of X and for every y ∈ X − E, there exists
a set Gy containing E and Gy ∩ {y} = ∅ such that Gy is either sλ-open or sλ-closed.
(2) sλT 3
8
GTspace if for every countable subset E of X and for every y ∈ X − E, there
exists a set Gy containing E and Gy ∩ {y} = ∅ such that Gy is either sλ-open or sλ-closed.
Clearly if we take E = {x} in the definition 4.3 (1), then in view of theorem 4.1 we see
that every sλT 1
4
GTspace is a sλT0.
Theorem 4.5. Let (X, µ) be a GTspace, then the following results hold.
(1) (X, µ) is sλT0 if and only if every singleton of X is sβλ-closed.
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(2) (X, µ) is sλT 1
4
if and only if every finite subset of X is sβλ-closed.
(3) (X, µ) is sλT 3
8
if and only if every countable subset of X is sβλ-closed.
Proof. We prove the result (2) only; proofs of other are are similar to that of (2) and so is
omitted. It can be said from theorems 4.4 and 4.5 (1) that sλT 1
2
GTspace implies sλT0.
Suppose (X, µ) is sλT 1
4
GTspace and E is a finite subset of X . So for every y ∈ X − E
there is a set Gy containing E and disjoint from {y} such that Gy is either sλ-open or sλ-
closed. LetK be the intersection of all such sλ-open sets Gy and P be the intersection of all
such sλ-closed sets Gy as y runs over X − E. Then K is a s∧λ-set and P is a sλ-closed set
and E = K ∩ P . Thus E is sβλ-closed.
Conversely, let E be a finite set of X such that E is sβλ-closed. Let y ∈ X − E. Then
E = K ∩P whereK is a s∧λ-set and P ia a sλ-closed set. If y 6∈ P then the case is obvious
since P = sPλ. If y ∈ P , then y 6∈ K. Then there exists some sλ-open set U containing E
such that y 6∈ U . Hence (X, µ) is sλT 1
4
GTspace. 
Remark 4.2. It follows from theorems 4.4, 4.5 (3), 4.5 (2) that every sλT 1
2
GTspace implies
sλT 3
8
and every sλT 3
8
GTspace implies sλT 1
4
.
Theorem 4.6. If the GTspace (X, µ) is sλT0 then for every pair of distinct points p, q ∈ X ,
either p 6∈ s{q}λ or q 6∈ s{p}λ.
Proof. Let the GTspace (X, µ) be sλT0 and p, q ∈ X, p 6= q. Then there exists a sλ-open set
U which contains only one of p, q. Suppose that p ∈ U and q 6∈ U . Then the sλ-open set U
has an empty intersection with {q}. Hence p 6∈ s{q}λ. Similarly if U contains the point q
but not p then q 6∈ s{p}λ. 
Definition 4.4. A GTspace (X, µ) is said to be sλ-symmetric if x, y ∈ X, x ∈ s{y}λ ⇒ y ∈
s{x}λ.
Theorem 4.7. A GTspace (X, µ) is sλ-symmetric iff {x} is sgλ-closed for each x ∈ X .
Proof. Suppose each singleton of X is sgλ-closed and for x, y ∈ X , let x ∈ s{y}λ but
y 6∈ s{x}λ. Then {y} ⊂ X − s{x}λ, a sλ-open set. Since {y} is sgλ-closed we get
s{y}λ ⊂ X − s{x}λ and so x ∈ X − s{x}λ, a contradiction. Hence y ∈ s{x}λ.
Conversely, suppose x ∈ X, {x} ⊂ U , a sλ-open set, but s{x}λ 6⊂ U . This implies that
s{x}λ ∩ (X − U) 6= ∅. Take y ∈ s{x}λ ∩ (X − U). For sλ-symmetryness, x ∈ s{y}λ. As
y ∈ X − U so s{y}λ ⊂ X − U and x 6∈ U . This is a contradiction. Hence the result. 
Theorem 4.8. A GTspace (X, µ) is sλT1 if and only if it is sλ-symmetric and sλT0.
Proof. Let (X, µ) be sλT1 GTspace. Then obviously it is sλT0. Since (X, µ) is sλT1, by
theorem 4.2, we get every singleton is sλ-closed and so sgλ-closed which by theorem 4.7,
the GTspace(X, µ) is sλ-symmetric.
Conversely, Let (X, µ) be sλ-symmetric and sλT0 GTspace and let x, y ∈ X, x 6= y.
Since (X, µ) is sλT0, by theorem 4.6 either x 6∈ s{y}λ or y 6∈ s{x}λ. Let x 6∈ s{y}λ. Then
y 6∈ s{x}λ. For if y ∈ s{x}λ then it would imply x ∈ s{y}λ, since (X, µ) is sλ-symmetric.
Again since x 6∈ s{y}λ, there is a sλ-closed set F such that y ∈ F and x 6∈ F . So x ∈ X−F ,
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a sλ-open set and y 6∈ X − F . Also since y 6∈ s{x}λ, there is a sλ-closed set P such that
x ∈ P and y 6∈ P . So y ∈ X −P , a sλ-open set and x 6∈ X −P . Hence (X, µ) is sλT1. 
Theorem 4.9. If the GTspace (X, µ) is sλ-symmetric then the GTspaces sλT0, sλT1, sλT 1
2
,
sλT 3
8
, sλT 1
4
are all equivalent.
Proof. (1): sλT0 GTspace with sλ-symmetryness is sλT1 by theorem 4.8,
(2): sλT1 GTspace is sλT 1
2
by theorem 4.2, 3.6 (2),
(3): sλT 1
2
GTspace is sλT 3
8
by theorem 4.4, 4.5 (3),
(4): sλT 3
8
GTspace is sλT 1
4
by theorem 4.5 (3), 4.5 (2),
(5): sλT 1
4
GTspace is sλT0 by theorem 4.5 (2), 4.5 (1). 
Definition 4.5. (c.f.[2]). Let (X, µ1) and (Y, µ2) be two GTspaces. Then a function f :
(X, µ1) −→ (Y, µ2) is said to be sλ-continuous (respectively sβλ-continuous and sgλ-
continuous) if the inverse image of each µ2-open set V is sλ-open (respectively sβλ-open
and sgλ-open) in (X, µ1).
Clearly, a function f : (X, µ1) −→ (Y, µ2) is sλ-continuous (respectively sβλ-continuous
and sgλ-continuous) if the inverse image of each µ2-closed set P is sλ-closed (respectively
sβλ-closed and sgλ-closed) in (X, µ1).
Theorem 4.10. Suppose (X, µ1) and (Y, µ2) are two GTspaces. A function f : (X, µ1) −→
(Y, µ2) is sλ-continuous if and only if f is both sβλ-continuous and sgλ-continuous.
Proof. Suppose a function f : (X, µ1) −→ (Y, µ2) is sλ-continuous and V is a µ2-closed
set. Then f−1(V ) is sλ-closed in (X, µ1). Hence by remark 4.1, f
−1(V ) is both sβλ-closed
and sgλ-closed in (X, µ1). Hence f is both sβλ-continuous and sgλ-continuous.
Conversely, suppose f is both sβλ-continuous and sgλ-continuous and V is a µ2-closed
set. Then f−1(V ) is both sβλ-closed and sgλ-closed in (X, µ1). So by theorem 4.3, f
−1(V )
is sλ-closed in (X, µ1). Hence the result follows. 
Definition 4.6. Let (X, µ1) and (Y, µ2) be two GTspaces. A bijective mapping f : (X, µ1) −→
(Y, µ2) is called sλ-homeomorphism if the following conditions hold.
(i) Inverse image of every sλ-open set in (X, µ2) under f is sλ-open in (X, µ1) and
(ii) Inverse image of every sλ-open set in (X, µ1) under f
−1 is sλ-open in (X, µ2).
Note that if µ1 = µ2 = µ then the conditions (i) and (ii) may be expressed as a single
condition (B): “Inverse image of every sλ-open set in (X, µ) is sλ-open in (X, µ) under f
and f−1.”
For a set E of a GTspace (X, µ) we denote the set of all maps f : (X, µ) −→ (X, µ) such
that f is a sλ-homeomorphism and f(E) = E by sλh(X,E, µ). When E = ∅ we denote
sλh(X, ∅, µ) simply by sλh(X, µ).
The composition g ◦ f for every f, g ∈ sλh(X, µ) is clearly a binary operation on
sλh(X, µ).
Theorem 4.11. (c.f.[2]). Suppose (X, µ) is a GTspace. Then sλh(X, µ) is a group and
sλh(X,E, µ) is a subgroup of sλh(X, µ) for each E ⊂ X with respect to the composition
of maps of sλh(X, µ) defined above.
Proof. Clearly the operation is associative and closed. Since the identity map satisfies the
condition(B), it belongs to sλh(X, µ) and it is the identity element of the set. Again if
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any f ∈ sλh(X, µ), then f−1 satisfies the condition (B) and hence f−1 ∈ sλh(X, µ). So
sλh(X, µ) is a group with this binary operation.
Next, since sλh(X,E, µ) ⊂ sλh(X, µ) then we have to prove only that for any f, g ∈
sλh(X,E, µ), g◦f−1 ∈ sλh(X,E, µ). Since f, g ∈ sλh(X,E, µ), then f, f−1, g, g−1 satisfy
the condition (B) which map E into E. Hence g ◦ f−1 and f ◦ g−1 satisfy the condition (B).
Again, g ◦ f−1(E) = g(E) = E. Therefore sλh(X,E, µ) is a subgroup of sλh(X, µ) for
each E ⊂ X . 
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